STATIC AND DYNAMIC
FORCE ANALYSIS

13.1 INERTIA FORCES IN MECHANISMS

Forces in mechanisms arise trom various sources, for example forces of gravity, forces of assembly, forces
trom applied loads, forces from energy transmission, frictional forces. inertia forces, spring forces, impact
torces and forces due to change of temperature. All these forces must be considered in the final design of a
machine for its successful operation.

13.2 STATIC FORCE ANALYSIS
In the analysis of static forces, the inertia forces are not tuken into account. Often the gravity forces are also
small and are neglected as compared 1o other forces.

13.2.1 Slider Crank Mechanism

Figure 13.1 {a) shows a slider~crank mechanism. A force P is applied to the piston due to gas pressure. As a
resukt of it, to maintain equilibrium, a torque T> must be exerted on crank 2 by the shaft at 85, The procedure
followed for the static force analysis is to draw the free bodv diagram for the various links showing all the
external forces and moments acting on the link. If the number of unknowns are not more than three then
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equations of equilibrium are used to solve the problem. But if the number of unknowns are more than three
then additional information is obtained from the equilibrium of the other links.

{c)

Fig.13.1 Static force analysis of slider—crank mechanism

Figure 13.1(b) shows the free body diagram for all the links of the mechanism. At a pin connection therc
can be no moments. When a body is in cquilibrium under the action of two forces only, such a body is called
a two-force member. F;; is the force which the body i exerts on the body j. We shall use a solid line without
an arrowhead to indicate that the dircction of a force is known but its magnitude is unknown. Link 3 has
two forces and link 4 has three forces acting on it. Force # is known in magnitude and direction. The two
unknown forces for link 4 are Fiy and Fly in magnitude only. Link 2 has four unknowns: force £32 known
in direction only, force #y> unknown in magnitude and direction and the unknown moment T exerted on
crank 2 by the shaft. A wavy line placed at Os indicates that we do not know the magnitude or direction of
the force Fi2, which acts through that point.

Link 4, which has only two unknowns, is analyzed first. The two unknown magnitudes can be found by
laying out a force polygon as shown in Fig.13.1(c). From Fig.13.1(d}, we note that F2 must be equal and
opposite to F32 to balance forces on link 2. However, the two equal, opposite and paralle] forces produce a
couple which can be balanced by another couple only. The balancing couple 7> is equal to F3; h, where his
the perpendicular distance between Fiz and £2. Itis clockwise and is the torque which the shaft exerts on
the crank 2.

13.2.2 Four-bar Mechanism

Consider a four-bar mechanism as shown in Fig.13.2(a), subjecied to two forces, P and . A moment T
must be applied to link 2 10 maintain equilibrium. The free body diagram of the various links is shown in
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Fig.13.2(b). The unknowns for the various links are: five for link 2. four for link 3 and four for link 4.
Theretore, these links cannot be solved by the equilibrium eguations. If we consider links 3 and 4 together
then there are six unknowns. because Fi; = F,; Since there are six equations of equilibrium, three for each
link, we can obtain a selution. The forces on links 3 and 4 are shown in Fig.13.2(c). Force £14is broken into
companents £3; and F3,. which are parallel and perpendicular respectively, to OyC. The magnitude of Fi,
is found by tuking moments about Oy, that is,

{b)

(d)
Fig.13.2 Static force analysis of four-bar chain
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On link 3 the reactions at C are equal and opposite 1o those at C on link 4. The magnitude of Fj; = Fi,.
On link 3 , there are three unknowns: magnitude and direction of F23 and magnitude of F;;'}. The magnitude
of £}, can be found by taking moments about point 8,

Qb — Flyd + Flhe = 0
Flid — Qb

or ;I'{ = e
k &

Next we draw the force polygon for link 3, as shown in Fig. 13.2(d). to obtain the magnitude and direction
of Fs.

In Fig.13.2(e), F3; = F»3. Then F|2 = Fi. Taking moments about Oz, we obtain 7>, the torque which
the shaft at Oo exerts on link 2.

T: = Fj,)_h

Force F|4 is obtained from the force polygon for bodies 2. 3 and 4, taken as a whole sysiem as shown in
Fig.13.2(f).

13.2.3 Shaper Mechanism

The shaper mechanism is shown in Fig.13.3(a). We begin by considering link 7 as a free body, as shown in
Fig.13.3(b). The direction of Fg7 and F7 are known and their magnitudes can be found from a force polygon
as shown. In Fig.13.3(c), the free body diagram for link 6 is drawn. F7¢ = Fs7. and because 6 is a two-force
member, therefore Fsg = Fre.
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{g) {i)

Fig.13.3 Static force analysis of shaper mechanism

The free body diagram of link 5 is shown in Fig.13.3(d), where Fgs = Fsq. Force Fis is directed
perpendicular to link 5 but its magnitude is unknown. £y is unknown in magnitude and direction. Taking
moments about Os, we have

Fosb = Fyse

Fes b

or Fys = 927
4

The magnitude and direction of Fj5 can be determined from force polygon shown in Fig.13.3(e). The
free body diagram for slider 4 is shown in Fig.13.3(f), where Fgq = Fys. Also F3y = Fya.

The free body diagram for link 3 is shown in Fig.13.3(g). where Fys = Fi4 and Fi3 is unknown in
magnitude and direction. The values of moment arm A and the radius Ry of the base circle can be measured,
where ¢ is the pressure angle of the gear. By taking moments about Oy, the magnitude of F3 can be calculated.
Next the magnitude and direction of )3 can be found from a force polygon as shown in Fig. 13.3(h). Finally,
from Fig.13.3(i}, F32 = Fo3 and Fi2 = F32. The torque exerted by the pinion shafi on the pinion, Tz = Faj.
Ry and is clockwise.
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13.3 INERTIAL FORCE ANALYSIS

Consider a body whose centre of mass is G, its linear acceleration a,. and angular acceleration o, as shown in
Fig.13.4(a). Let a force F = mag; be applied at G. trom left to right upwards. This force can be replaced by
another force F acting at a distance k [Fig.13.4(b)} together with a torque T = [« where / is the moment
of inertia of the body about an axis passing through G and perpendicular to the plane of rotation.

(a) i)

Fig.13.4 Inertia force in a four-bar mechanism

Hence Fh=T=1u
L (3.1
or = — 3,
I3

In general F is the resultant force and T is the resultant torque acting on the body. The inertia force is
defined as the reversed resultant force und the inertia torque is defined as the reversed resultant torque. If the
inertia force is considered along with the resultant force. then the bady would be in equilibrium. Similarly,
if the inertia torque is considered along with the resultant torque. then the angular acceleration of the body
would be zero. Hence,

Hence, F —mag = 0 (13.2a4)
and T—ia =20 (13.2b}

This is known as the D'Alembert principle and aids in the solution of problems in dynamics by permitting
them to be solved as problems (n statics.

13.3.1 Inertia Force in a Four-bar Mechanism

Consider a four-bar mechanism shown in Fig.13.5(a), where the magnitude of w; is assumed known and
constant. Points Gz, Gy and Gs denote the centres of mass ot the links 2, 3, and 4 respectively. We are
interested in determining the torque which the shaft at Os must exert on crank 2 to give the desired motion.

To determine the linear acceleration of the points Ga, Gz and Gi. we construct the acceleration polygon.
From the magnitude and sense of the tangential components of acceleration, the magnitude and sense of o3
and o4 can be determined.

Link 2 is shown in Fig.13.5(c), where ag is the acceleration of the centre of mass Gp. The resultant
force Fy» = moaag> where m» is the mass of the link 2. has the same sense and line of action as agy. The
inertia force f> = — F».
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. #ig= Const.

$C2
02@
¥ ag
*‘ F2 = mzasz
(c) (b}
3

Gs

(e

Fig.13.5 [nertia force in a four-bar mechanism

Link 3 is shown in Fig. t3.5(d) with the acceleration of the centre of mass Gy indicated as a3, The
resultant force Fy = m3a¢s, where ma is the mass of the tink 3, has the same sense and line of action as ag;s.
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f3 = —Fyis the inertia force. In order to produce a3, there must be a resultant torque 73 = fan having the
same sense as a3. Inertia torque 13 = —73. Link 3 is again shown in Fig.13.5(e). where the inertia force f3
and inertia torque f3 have been replaced by a single force f31. The direction and sense of f3 is the same as in
Fig.13.5(d}, but the line of action is displaced from Gz by an amount A3, such that
ffy=8n or hy= il = —h—?}—
fi msags

In Fig.13.5(e), f3 can be located by drawing a circle of radius k3 with its centre at Gs. Now, f3is drawn
tangent to the left side of the circle ruther than the right side because f3 must produce a torque about G in
the same sense as 13.

Link 4 is shown in Fig.13.5(f) where f; = —F; and Ty = [0y Inertia torque t4 = —T3. Link 4 appears
again in Fig.13.5(g), where the inertia force f; and inertia torque 14 have been replaced by a single force f;.
Since f4h4 must equal 14,

iy Feiy

h4 = — =
fi ey

To find the forces at each pin connection and the torque which the shaft exerts on crank 2, we draw the
free body diagrams of links 2, 3, and 4 as shown in Fig.13.6(a) to (¢). For the known inertia forces in each
link, the forces in each pin can be determined by using the equilibrium equations. Starting with link 4, we
take the moments about point O and determine 7. Then on link 3, Fjy = —F3,. For equilibrium of link
3, the sum of the moments about B equals zero. This determines F . The force polygon for link 3 is shown
in Fig.13.6(d) to determine F-3.

{d)
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Fig.13.6 Force polygons

Link 2 appears in Fig.13.6(e). Here F3» = — F»3. Then Fi1y = —( f2 + F32). Taking moments about O,
we obtain 7>, as
T=(f2+ F32)a

Force F4 is obtained from the force polygon for bodies 2, 3, and 4 taken as a whole systemn as shown in
Fig.13.6(1).

Shaking force It is defined as the resultant of all the forces acting on the frame of a mechanism due to
inertia forces only,

The inertia forces on a four-bar mechanism are shown in Fig.13.7(a). The force polygon is shown in
Fig.13.7(b}. Taking moments about point O;, we get

Fie = fib+ fyd
_ Bb+ fad
or g = _T'-

(a) {b}

Fig.13.7 Force polygons
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13.4 COMBINED STATIC AND DYNAMIC FORCE ANALYSIS

13.4.1 Slider—crank Mechanism

The slider—crank mechanism is shown in Fig.13.8(a). Let P he the force on the pision due to gas pressure and
w2 the angular velocity of link 2, be known. Points Gz, Gi und Gy are the centres of mass of links 2, 3, und
4. We are interested to find the 1orque 7> which the crank 2 exerts on the crankshatt and the shaking force.

cr 8¢

(a)

n
acp B

Faa X {b)

Fig.13.8 Static and inertia force analysis of slider—crank mechanism

The velocity and acceleration polygons are constructed first, as shown in Fig.13.8(b). Links 3 and 4
combined as a free body are shown in Fig.13.8(¢). The inertia force fa, its moment about Gy and fy arc
determined as explained in Section 13.3. The unknowns are the magnitudes of Faz and Fii. By taking
moments about B, we have

Flaa+ fibh+ fod — Pd = 0
Pd — fab— fad

o

ar F‘|4 =

Force Fr3 can then be found by a summation of forces on bodies 3 and 4 together as a free body. The
force polygon is shown in Fig. 13.8(d).
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The free body diagram for link 2 is shown in Fig.13.8(e), where
Fo=—(fr1+ F)
The torque exerted by the shaft on the crank 2 at Oy is,
=(fH+ Fule

The torque exerted by the crank on the crankshatt is equal to 7> but opposite in sense.

13.4.2 Shaper Mechanism
Consider the shaper mechanism shown in Fig.13.9{a), where the link 2 rotates with constant velocity w and
the force P is known on the slider 6. We are interested to determine the forces at all the points and the torque
T1 excrted by the shaft 10 drive the crank. The acceleration diagram is shown in Fig.13.9(b).

03, 0

Fy4(Location
unknown)
fa

y Fas {locatoin unknown)

(d) (e) )
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Fig.13.9 Static and inertia force analysis of shaper mechanism

The force analysis is started with link 6, shown in Fig.13.%{c). The unknowns are: magnitude of Fg,
magnitude and direction of Fsq. The horizontal compenent of Fsg is F_fﬁ and its magnitude can be found
from the summation of horizontal forces on link 6.

In Fig.13.9(d), F& = ~F5"‘6A The magnitude of F(;'S can be found by summation of moments about C.
Then from a force polygon for link 3, the magnitude and direction of F45 are found, Next, in Fig.13.9(e).
Fs4 = —Fs5 is known. There are four unknowns in Fig.13.9(e): the magnitude and direction of Fi4 and
the magnitude and location of Fis. For link 3 shown in Fig.13.9(f}, there are also four unknowns: f>3 in
magnitude and direction and Fj3 in magnitude, which is perpendicularto link 4. However, for the combination
of links 3 and 4, there are six unknowns that can be analyzed in combination. From the free body of link 3
we see that F23 causes no torque about the centre of mass Bz, and thus Fa3 must be of such a magnitude as
to balance the forces, and its line of action must be displaced from B; enough to balance the inertia torque,
Fa3 can then be resolved into a force passing through 8; and a torque about B sufficient to balance the
inertia torque. This is shown in Fig.13.9(g). The equal and opposite force and torque on link 4 as shown
in Fig.13.9¢(h) makes the free body of link 4 with three unknowns. The magnitude of F34 can be found by
setting the sum of the moments about Oy equal to zero. Fy4 can then be found from a force polygon for link
4.

We replaced Fs3 in Fig. 13.9(f) with the force Fy3 and 7y3, which are shown in Fig.13.9{g). Thus in
Fig.13.9(),

Fiza = Thao= has
Fio;
£a3

or u =

F73 can now be determined from a force polygon for link 3. The free body diagram of link 2 is shown in
Fig.13.9() and F33 = —Fa3. F)2 can be determined from a force polygon on link 2. Finally, by summing
moments about O, the torque T3 cun be determined.

Example 13.1

The links 3 and 4 of a four-bar mechanism are subjected to forces of 100 N 260° and 50 N £45°. The
dimensions of various links are:

O, 0y = 800 mm, v B = 500 mm. BC = 450 mm, O4C = 300 mm, BD = 200 mm, O4€ = 150 mm.
Calculate the shaft torque 7> on the link 2 for static equilibcium of the mechanism. Also find the forces in
the joints.
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M Solution
The mechanism has been drawn in Fig.13.10(a).

n
Fy

Fa3

Scale: 1em=20N

Scale: 1 cm = 100 mm 1

(a)

{b)

Scale: 1cm =25 N
fc)
Fig.13.10 Four-bar mechanism

Let £, and FZ, be the forces at joint C on link 4, perpendicular and parallel to the link O3C. Draw a line

paratlel to force P = 50 N£60°. The perpendicular distance between these two lines ts a = 140 mm.
Taking moments about Oy, we get

Pua B 50 x 140
O,C 300
Fi, = —F}, =23.33N

Fi, = —23.33N

Measure distances b = 200 mm. ¢ = 320 mm, ¢ = 310 mm from joint B of forces Q. F}; and FJ,
respectively. Taking moments about joint B, we get

Qb+ Fiyxd—Fixe =0
100 x 200 + 23.33 x 320
310

Fiy o= = 30.53N
b= —FR

Knowing forces Q. Fj; and Fi, draw the force potygon to obtain F»3 from Fig.13.10(b).
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By measurement,
Fs3 = 108N

faz = —Fan
Flo=Ffz = 108N
Ty = Foxh = 108 x 180 = 19440 Nmm {cw)
Torque exerted by the crankshaft on link 2 = 19440 N mm (cew)
Now complete the force polygon for all the forces acting on the mechanism, as shown in Fig.13.10(c).
Fli =52.5N.
Example 13.2

Link O4C of a four-bar chain is subjected to a torque 73 = 1 Nm cew. The link BC is subjected to a force
Q = 45£90° downwards. Determine the torque 7 on link O»8and the reactions at O and Oy. The lengths
of the various links are G0y = 9 mm. B = 50 mm, BC = 55 mm, 04C = 30 mm and 8D = BC =
27.5m.

H Solution
The mechanism has been drawn in Fig.13.11(a). Taking moments about Oy, we have

L
Fa3

t
Faa
Scale: 1ecm=10N Scale: tem = 10N

(b . (c)
Fig.13.11 Four-bar mechanism
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Fl, x 0;C = Ty =1

|
#l,o= o -- = 333N
¥ 003

Foy = —Fi

Measure perpendicular distances b = 26 mm, = 36 mm and ¢ = 40 mm. as shown in Fig.13.11(a).
Taking moments about joint B, we have

Qb —Flixe = Fiyxd =0
43 x 26+ 33.3 x 36
Fro, = - . — =5G722N
43 A0
Iy = —Fi

Draw the force polygon for link BC. as shown in Fig. 13.11{b}.
Fai =33 NFp=—Ffn

Also F]g = F}g.
Now draw the force pelygon for @, Fyz and Fyy. as shown in Fig. 13 1lic). Fiy = 63 Nand i = 42 mm.
Then

Ty = Fysh = 53 x 0,042 = 2,226 N (cow)
Torque on link (-8 = 2.226 Nm (cw)
Example 13.3

YFor the four-bar chain shown in Fig.13.12(a0). T5 on link BC is 30 N m clockwise and T3 on CD'is 20 Nm
counter-clockwise. Find the torque exerted by crankshaft on AB. AD = 800 mm, AB = 300 mm, BC =
700 mm and CD = 400 mm.

Scale: 1 cm =100 mm Scale:1cm=10N

(a) {b)

Fig.13.12 Four-bar chain
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B Solution

Taking moments about joint D, we get ;
FouxCD=Ty=20

20
Fl, = -=_ =50N
M7 004
F:{.? = _"‘34

a = 670 mm, & = 200 mm
Taking moments about joint B, we get

Fgax b+ Flyxa =T,
50 x 0.2 + Fl x 0.67 = 30

20
F_f—,‘ = —— =2985N
: 0.67
Fiy = —Fi

Draw force polygon for link BC, as shown in Fig.13.12(b). F>3 = 59 N. Fuy = —Fn. Fi2 = Fp.
¢ = 280 mm.
Tr=Fpxe=59%0.28 = 16.52 Nm cw

Torque exerted by the crankshaft on the crank = 16.52 Nm (ccw)

Exampio 134
A four-bar mechanism has the following lengths of various links: G0y =80 mm, B =330 mm, BC =
500 mm, O4C = 400 mm, O G; = 200 mm, BGy = 250 mm and 034Gy = 200 mm. The masses of links
are my = 1.2 kg, m3 = 1.5 kg and my4 = 2 kg. The moment of inertia of links about their C.G. are =
0.05 kgm?, I3 = 0.07 kgm? and 74 = 0.02 kgm™.

The crank 0,8 rotates at 100 rad/s counter-clockwise. Neglecting gravity effects, determine the forces
in the joints and the input torque.

B Solution
The mechanism has been drawn in Fig.13.13(a). w: = 100 radss. tp = 100 x 0.33 = 33 mfs. Draw the
velocity diagram as shown in Fig.13.13(b). v. = 25 m/s, v, = 26 m/s.

T3
iy

fy b
Ub
Loy 02, 04
0, O,
1 1 ¢
Scale: 1 cm = 100 mm Scate: 1 cm = 10 mis

(a) {b) Velocity diagram
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Scale: 1 cm = 100 mm

(d)

Scale: 1 cm =1000 N

(e)

Scale: 1 cm = 500 m/s?

(c) Acceleration diagram

Scale: 1em =1000 N

)

Fig.13.13 Four-bar mechanism
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2

f.': 3_1_ T
H;: = = T = 3300 mfs
OB .33
H Lrt"j? 26: 2
= = = 1352 mfs-
BC 0.5
' e 25° 4
”rr — L= — = 15625 mfs”
oy 14

Draw the acceleration dingrant, as shown in Fig 13.13¢). oob = 6.0 cm, be = 2.8 cm, o4 = 8.4 ¢m.

OhGr x00b 200 x 6.6

nGH = - = =4cm
" o-B 330
BG: x e 250 x 2.8
Gy = ——— = ——_ — = [.dcm
BC 300
O:Gy = o5 200 x 84
oGy = 1 g =4.2¢m
oc J0)
Acceleration of Gr.acs = 0:Gh = 4 x 500 = 2000 n/s’
Acceleration of Gy a;y = oGy o= T4 x 500 = 3700 m/s’
Acceleration of Gy. 8y = 03GY = 4.2 x 500 = 2100 mv/s”
a'y = b'c=10.5cm =250 mis’
gl = b'c=7.8cm = 3900 m/s”
a'fh 250 N
ay = —— = - = 500rad/s. (cew)
BC (.5
(I:. 3606y _ “
wy = == —— =9750rad/s". {cew)
o,C 0.4
Fro= miadgy = 1.2 x 2000 = 2400 N
Inertia force, fr=—F
Foo= muga = 1.5 x 3700 = 4550N
Inertia force, Fo= =B
T3 == ey = .07 » 500 = 35 Nm {cew)
Inertia torque, fuo= —7Ty = 33 Nm (vw)
Fyo= maagy =2 x 2100 = 4200 N
Inertia torce, fi = —F
Ty = fyoy = 002 x 8750 = 195 Nm (cew)
[nertia torque. fp = — Ty = 195 Nm{cw)
I3 35
hy == — = —— =T77mm
I 13503
iy 195
fy = — = ——— = 3d6mm

11 4200
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The forces and perpendicular distances are shown in Fig.13.i3(d).
a =230 mm, b = 150 mm, 4 =90 mm. ¢ = 490 mm

faa 4200 x 230
prooo A _ 420 - =2415N
M7 o 400

~Fly = —24I5N

i

i
Fys
Taking moments about B. we have

fib+ Flad — Fiie = 0
4550 x 150 + 2415 x 90 = F; x 490
F, = 1836.4N

Draw the force polygon for link BC, as shown in Fig.13.13(e).

Fry = 6500 N
Fio = —F%
Fio = Fi

The resultant of f> and F32 has been obtained in Fig.13.13(e) and is equal to > + Fi> = 8600 N.

= {H+Fae
= 8600 x 0.13 = 1118 Nm (cw)

Torque exerted by the crankshaft on crank G:8= —7> = 1118 Nm (ccwh.
Now draw the force polygon for the whole mechanism, as shown in Fig.13.13(f).

Fiqg = 5600 N

Exercises

1 In the four-bar linkage shown in Fig.13.14. the shaft at Os exerts a torque of 0.6 Nm clockwise on link
2. Also there is a 45 N force acting vertically dowoward on link 3 midway between 8 and €. Determine
the resisting torque which the shaft at Oy exerts on crank 4 and find the forces exerted on the frame at O»
and O0y. G203 = %0 mm. O»8 = 50 mm, BC = 535 mm, &4C = 30 mm and BD = DC = 27.5 mm.

,+_"_ ——— g0 - -

Fig.13.14
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2 The slider—crank mechanism of a single cylinder diesel engine is shown in Fig.13.15. A gas force P =
17800 N acts to the left through piston pin C. The crank rotates counter-clockwise at a constant speed of
1800 rpm. Determine (a) the forces £14 and Fy7 and the torque 7> exerted by the crankshaft on the crank
for equilibrium and (b) the magnitude and direction of the shaking force and its location from point Os.
OB =75 mm, O+G> = 50 mm, BC = 280 mm and BG; = 125 mm; m2 = 2.25 kg, my = 3.65 kg and
mq = 2.75 kg iz = 0.0055 kgm® and i3 = 0.041 kgm”.

O, B=75mm, O, G; = 50 mm

BC = 280 mm, BG; = 125 mm

ms, 2.25 kg, my =385kg. my =275 kg
Iz = 0.0055 kg-m2, /; = 0.041 kg-m?

Fig.13.15

3 The crank of a four-bar mechanisim shown in Fig.13.16 is balanced and rotating in the counter-clockwise
direction at a constant angular speed of 200 radfs. The particulars of the mechanism are: O:A = 50
mm, AB = 450 mm. AG3 = 225 mm; 048 = 200 mm, 043Gy = 100 mm and &: 0Oy = 350 mm; W5 =
1.2 kgand Wy = 3 kg i = 68.6 kgem® and fy = 55 kgem®. Gy and Gy are mass-centres of links 3 and
4, W5 and Wy their respective masses and £ and Iy their respective mass moment of inertia about their
mass-centres. For the given angular position of the crank 2, draw the velocity and acceleration diagrams
and find the angular accelerations of links 3 and 4. Determine also the forces acting at the pin joints A
and 8 and the external torque which must be applied 1o Jink 2. Ignore the effect of gravitation.

2]

Fig.13.16

4 The lengths of the links of a four-bar chain shown in Fig.13.17 are AB = 60 mm, BC = 180 mm,
CD = 110 mm and AD = 200 mm. Link AD is fixed and AB turns at a uniform speed of 180 rpm cow.
The mass of link BC is 2.5 kg, it's centre of gravity is 100 m from C and its radius of gyration about an
axis through the centre of gravity is 75 mm. The mass of link CD s 1.5 kg. its centre of gravity is 40 mm
from C and its radius of gyration about an axis through D is 80 mm. When 84 is at right angles to AD
and B and C lie on opposite sides of AD, find the torque on AB to overcome the inertia of the links and
the forces which act on the pins at Band C. Neglect gravity effects,
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Fig.13.17

5 The crank of a four-bar chain shown in Fig. 1 3. [ 8 is rotating at a speed of 24 rad/s in a clockwise direction.
The panticulars of the chain are (hA = 75 mm, AB = 250 mm., 048 = 250 mm, AG; = 125 mm,
GGy = 150 mm and BC = 130 mm; m> = 45 kg, my =2 kgand my = 4 Kg, /» = 0.025 kgmz,
Iy = 0.008 kgm? and I; = 0.035 kgm>. The mass moment of inertias are about the respective mass-
centres. Determine the forces acting at the pin joints A, B and the external torque which must be applied
to link 2. Ignore the effect of gravitation.

Fig.13.18






GYROSCOPIC AND
PRECESSIONAL MOTION

14.1 INTRODUCTION

In vehicles having engines with rotating parts of high moment of inertia. gyroscopic forces are in action when
the vehicle is changing direction of motion. When Automotive velicles turn with high velocities, gyroscopic
torees act on spinning parts such as crankshatt, flywheel, clutch. transmission gears, propeller shaft and
wheels. Engine parts ax well as the propeller and the gear reduction system of an airplane are under the
influence of gyroscopic effects in turns and pullouts. Locomotives and ships are similarty affected. In this
chapter. we shall study the gyroscopic and precessionil motion of read vehicles, aeroplanes and ships.

14.2 PRECESSIONAL MOTION

Consider a plane dise spinning about the axis OX with angular speed ., as shown in Fig.14.1(a). After a
short interval of time 8¢, {et the disc be spinning with angular speed « —+ dew about the new axis OX' inclined
at a smull angle 38 with OX. The angular speed o is represented by vector OX and « + dw by vectar OX'in
Fig.14.1(b}. The vector XX represents the change of angutar speed tn time &¢,
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New axis of spin—

(b}

Fig.14.1 Precessional motion

Angular acceleration along (9) 4

i

. (w + dw) cos 66 — w
lim
5t-0 | 5t

. o COS 86 + dwcos 88 — w
= Im
5t—0} 8t

- S —
= lim m—a{l {Because cosdf =~ 1)
st—0 | &t

Sew

lim —
510 8t

dw

dt

Angular (or gyroscopic) acceleration perpendicular to OX

[{m -+ dew) sin 59]

il

(14.1)

limm -
st =10 ar
w88 + dew - 50
&

lim
S0

= ——— (Neglecting Sw - 38, beng small)

= w-wp (14.2)

where wp is the precessional angular speed of the spin axis.
Total angular acceleration of disc = XX’

= XA+ AX'
dw+) w -t
dr dt
dw

—_ —&_;-l..) (- wp {14‘3)

where b means vector sum.
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14.3 DEFINITIONS

Gyroscope A gyroscope is a hody which while spinning about an axis is free to move in other direction
under the action of external forces.

Axis of spin  The axis of spin is the axis about which the body revolves.

Gyroscopiceffect Consider a body spinning about an axis OX (Fig.14.2). If a couple represented by a vector
OZ perpendicular to OX is applied, then the body tries to precess about an axis OY which is perpendicular to
bath OX and OZ. This combined effect is called gyroscapic or precessional effect. The plane of spin, plane
of precession and plane of gyroscopic couple are mutually perpendicular.

Flane of spinning

et - Plane of active
, " gyroscopic couple

Y§ -

- — i i » .
;7T T Ais of active - Plane of precession
ol gyroscopic couple
- - .
Axis of precession Tz LN
I. PR '
. . _‘_\_- ™
\_l ...
I
o ;o
P f.-r Axis of spin
-k
p — Auis of reactive " Disc
* gyrascopic couple
z

Fig.14.2 Gyroscopic definitions

Precession  Precession means the rotation about the third axis OY which is perpendicular to both the spin
axis OX and the couple axis OZ,

Axis of precession  The axis of precession is the third axis OY about which a body revolves and is perpen-
dicular to both the spin axis OX and couple axis OZ, is called the axis of precession.

14.4 GYROSCOPIC COUPLE OF A PLANE DISC

Consider 4 plane disc of moment of inertia / spinning with angular speed w about the spinning axis, as shown
in Fig.14.3(a). The angular momentum H of the spinning disc is,

H =1

The rate of change of angular momentum with respect to time is proportional to the applied couple €.

C

I
Py
=
!
L
|

(14.4)

"
1
1
|

where & is the angular acceleration.
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SH

(b)

Pracession axis

Spin axis

a1y

o
.~z
Couple axis
Fig.14.3 Gyroscopic couple
If the spin axis is made to change angular position, gyroscopic action results. For constant o, the

magnitude of the angular momentum remains constant tor an angular displacement 8¢ of the spin axis.
However, a change in angular momentum & & exists because of the change in direction of the momentum, as

shown in Fig.14.3(h).

§H = (Fw)bd

. &H . &6
Iim —- = lim (fe) - ——)
a—0 8t Fr—0 8t
§H ; dg
ar Y
(14.5)

C = lw-w,

Fig.14.3 shows the X-axis as the spin axis and the Y-axis as the precession axis. The Z-axis becomes the

couple axis.
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Exampie 14.1

Determine the gyroscopic couple of a 3 m diameter solid aluminium alloy four-bladed propeller in which
each blade has a mass of 20 kg. The test manoeuver of the airplane is a power-on flat spin in which the
propeller speed is 1500 rpm and ihe rotation of the flat spin is 1 rad/s. The radius of gyration of the propeller
with respect to the propeller axis is approximately half of the propetler radius.

B Solution
Radius of gyration. K =r,=05x3=15m
Moment of inertia, | = MK~
= 20 x (1.5 =45 kgm"
500
Angular speed. @ = 27 x o0 = 157.08 rad/s
Precessional speed, ti, = lradfs
Couple. C=lw w,
= 45 x 157.08 = 1
= 7068.6 Nm
Example 14.2

A boat is propelled by a steam turbine. The moment of inertia of the rotor, shaft and propeller is 60 kgm=.
The turbine runs at 3000 rpm in clockwise direction looking from the front. The boat describes a circular
path towards the right making one revolution in 10 seconds. Find the magnitude and direction of the couple
acting on the boat hull.

B Soiution
I N 3000
o = ;0 =27 x = 314.16 rad/s
27
w, = — = 0.628 rad/s
10
Applied couple, C=1 ww,
= 60 x 314.16 x 0.628
= 118375 Nm
Y

Precession axis
Couple axis

-..Boat turns

\ S right
’ ] - ) X
Stern O — =% 7 Front ¢ ] " Ack *
| ¥ R i i clive ' Reaction
Turbine / Spiaxs couple  couple

X'

Fig.14.4 Gyroscopic effect on a boat
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The vector diagram of the gyroscopic effect is shown in Fig.14.4. The applied couple will lower the front
and raise the stern. The reaction couple X'X will raise the front and lower the hind of the boat.

» 143
A uniform disc of 100 mm diameter and 5 kg mass is mounted midway between bearings 100 mm apart,

which keeps it in a horizontal plane. The disc spins about its axis with a constant speed of 1200 rpm, as
shown in Fig.14.5(a). Find the resultant reaction at each bearing due to the mass and gyroscopic effects.

¥
i
Precession axis -——» z Active couple
T axis
Fi Pt . < = 3pin axis
P i ' ~/ Reactive gyra
A o E I C -X e couple
N Vo B
N H !
RA - - 200 mm aa! RB ""---._Acﬁve gyro
couple
(a) {b)
Fig.14.5 Gyroscopic couple
B Solution q
@ = 27 x —— = 125.66 rad/s

hl

30
wp = 2 % o0 = 5.236 radfs

2
I =05m”=05x5 (50 X 10—3) = 0.00625 kgm”
C=1w-aw
0.00625 x 125.66 x 5.236
4.112 Nm

f

The direction of reaction gyroscopic couple is shown in Fig. t4.5(b).

Bearing reactions
(a) Due to self weight of the disc

RA = R =
(b) Due to reaction gyroscopic couple

F =

0.]
R —F—4.112'4112N
A= b= =4l 1

Rg = —F = --41.12N |
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Resultant bearing reactions

Ra = 2452544112 =65.645N 1
Ry 24525 - 41.12 = —16.515N |

14.5 GYROSCOPIC COUPLE ON AN AREOPLANE

The top and front views of an acroplane taking a left turn are shown in Fig.14.6(a) and (b) respectively. Let
the propeller rotate clockwise as seen from the rear (or tail end).

¥y
Precession
) axis
N -, Left turn
SV

Direction o
of viewing Spin axis

- Nose . X

Rear or
Tail end
“ Propeller
el Active gyro-couple
“Wings axis
z
(2} Top view {c} Axes
¥
. .
. Reactive
i gyro-couple Plane of -
. {Nose raised) couple i
4 ~-7 Plare of
lane of -,
(b) Front vi {— Active gyro-couple spin i
view
X O - :
X
o N 1—\
&6
4 Piane of
! precession ;
x z
{d) Planes

Fig.14.6 Gyroscopic eflect of aeroplane

Gyroscopic couple acting on the aeroplane, ¢ = 7. w - o »
where I = moment of inertia of the engine and propelter
mK?

m = mass of the engine and propeller

It

=
il

radius of gyration
w = angular speed of the engine
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w, = angular speed of precession = /R
v = linear velocity of the aeroplane
R

I

radius of curvature.

As discussed earlier, the veactive gyro-couple will be counter-clockwise, which will raise the nose and
dip the tail of the acroplane.

Example 4.4

An aeroplane makes a complete half circle radius towards left when flying at 210 km/h. The rotary engine
and the propeller of the plane is of 50 kg mass having a radius of gyration of 300 mm. The engine rotates
at 2400 rpm clockwise as seen from the rear. Find the gyroscopic couple on the aircraft and its effect on
the plane.

H Solution

2400 _
w = 21 % @ 251.33 rad/s
)
no 20 x 108
wy = — = ————— = 0.972 rad/s
R 3600 x 60

I = mK” =50 x (0.3)% = 4.5 kgm®
C=1ww,=345x25133x0972 = 109932 Nm

The reaction gyro-couple will raise the nosc and dip the tail.

14.6 GYROSCOPIC EFFECTS ON A NAVAL SHIP

The following terms for & naval ship in reference 1o Fig.14.7 arc defined:

z

Active gyro-couple axis

¥ .
1 Precession
axis

Left turn
¥ »
- : Reactive
Transverse axis gyro-coupie
]
Direction ;- Spin axis : I
of viewing - '
A TN ", . P x
’.-" Bow (fore end)
Stern (rear-end}
Rotor »
Active
gyro-couple

Star board

Top view
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s o]

} Propeller
RS Bearings = H / O

Front view
Fig.14.7 Gyroscopic effect on a nava! ship

Bow  Bow is the fore-end of the ship.

Stern  Stern is the rear-end of the ship.

Starboard  Starboard is the right hand side of the ship while lovking in the direction of motion,
Port  Port is the left hand side of the ship while looking in the direction of motion.

Steering  Steering is the turning of the ship in a curve while moving forward.

Pitching  Pitching is the moving of the ship up and down the horizontal position in a vertical plane about
transverse axis,

Rolling Rolling is the sideway motion of the ship about lengitudinal axis.

Steering The gyroscopic effect on a naval ship during steering can be obtained as explained for the
acroplane Tuble (4.1 may be used to determine the gyroscopic effects,

Table 14.1

Direction of steering  Direction of rotor rotation Bow Stern
{viewed from stemn)

Left CwW Raised  Lowered

Right CwW Lowered  Raised
Left CCW Lowerad Raised

Right CCW Raised  Lowered

Pitching Pitching of the naval ship is assumed 1o take place with simple harmonic motion, The pitching
angle at time ¢ is (see Fig.14.8),
¢ = Asinw,t

where A = amplitude of swing in radians
w, = angular velocity of simple harmonic motion
2n
=

1, = time period of pitching.
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I
i
1
1
|

Fig.14.8 Pitching of naval ship

Angular velocity of precession,

do

wp = I = A, COS @yt
2
((Uﬂ}mux = Aw, = A X _I_ for cosw,t =1
it
Maximum gyro-couple, Coax = 1w {wp), . {14.6)

where / = moment of inertia of turbine rotor and other rotating masses of the naval ship.
v = angular velocity of rotating masses.
The effects of pitching are as tollows:
1. When the pitching is upward, the gyroscopic effect will try to move the ship towards starboard.
2. On the other hand, if the pitching is downward, the gyroscopic effect is to turn the ship towards port side.

3. The pitching of a ship produces forces on the bearings which act horizontally and perpendicular to the
motion of the ship.

4. The maximum gyroscopic.couple tends 1o shear the holding down bolts.

Angular acceleration during pitching,

d*¢
a = s M —Awi sinwot
2 2
Hpax = Awi =A (r_ff) (14
;)

Rolling The axis of rolling and that of the rotor of the turbine are generally the same. So. there is no
precession of axis of spin and there is no gyroscopic effect during rolling of the naval ship.



Gyroscopic and Pracessional Motion

14.6.1 Ship Stabilization

A naval ship is normally stable, but it requires stabilization when it has 1o face heavy sea. The ship will
either pitch or roll. The amplitude of rolling is much higher than that of pitching. The ship in such a case is
stabilized by producing couples in the opposite direction to that of the disturbing couples which are applied
by the waves on the ship.

Example 14.5

A ship is propelled by # turbine rotor of mass 500 kg and has a speed of 2400 rpm. The rotor has a radius of
gyration of 0.5 m and rotates in clockwise direction when viewed from stern. Find the gyroscopic effects in
the following cases:

(a) The ship runs at a speed of 15 knots (1 knot = 1860 m/h). It steers to the left in a curve of 60 m radivs.
(b) The spin pitches £5° from the horizontal position with the time period of 20 of simple harmonic motion.

(¢) The ship rolls with angniar velocity of 0.04 rad/s clockwise when viewed from stern.

Also calculate the maximum acceleration during pitching.

W Solution
00
(a} w = 27 % =251.3 radfs
I = mK? =500 % (0.5)7 = 125 kgm?
15 x 1860
wp = oS 0,129 radfs
3600 x 60
C=1lww,
= 125 x 251.3 x 0,129 = 4052.2 N-m
2; 2
{t) tw, = i = il = (1314 rad/s
1 20
Sx .
(W, max = Aw, = %0 x (1.314 = 00,0274 rad/s
Coax = 1 -w- (CU;}]max

= 125 x 2501.3 x 0.0274 = 86(.7 N-m

) wp = 0.4 rad/s
C =1 w w,=125%x2513 x 0.04 = [256.5 N-m

al 5 al bl
Uy = Aw’ = Tgﬁ x (0.314)7 = 0.0086 rad/s>

14.7 STABILITY OF A FOUR-WHEEL VEHICLE TAKING A TURN

Consider a four-wheel vehicle of weight W 1aking a left turn as shown in Fig.14.9. The wetght W is assumed
to be distributed equally on all the four wheels. Therefore. the load on each of the four wheels A B, C, and
Dis W/4 . Let R be the radius of curvature of the curved path. assumed to be larger than the radius » of the
wheels. Let the centre of gravity G of the vehicle be at a height # from the level of the road and the width of
track AB= CD = q. The forces accounting for the stability of the vehicle are as follows:
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cAnner ™ |eft turn = Quter
* wheel 7. 1 wheel
5 | B
widt ¥ Twia
G
P '
P ; piz
i0p2
i .
a2 N

o(f @c

Wigla- = - a - . . =wh

Pi2 1 *sz
i bon

a2, |

Fig.14.9 Four wheel vehicle taking a left turn

. Weight of the vehicle W, giving rise to upward reaction of W/4 at each wheel

2. Precession of vehicle

Let [, = moment of inertia of each wheel
. = moment of inertia of engine. flywheel, etc.
wy = velocity of spin of each wheel about its own axis
e, = velocity of spin of engine, flywheel etc.
w, = angular velocity of precession = wR
v = linear velocity of vehicle
Gyroscopic couple due to four wheels,
Cp =48 -y -y
Gyroscopic couple due to other rolating parts of the ergine, like flywheel etc.,
Co=1o-w,-w,
Total gyroscopic couple.
C =0C,+C,
=4l o, o wp

= d4h o, oo fay - wp

. We . . . .
where i = — is the gear ratio of engine rotating parts to wheel.
’ wu_u

(14.8)
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Use the +ve sign when the wheel and engine rotating parts rotate in the same direction, otherwise use the

—ve sign, A vertical reaction will be produced due to this gyroscopic couple. The reaction will be positive at
the outer wheels and negative on the inner wheels.

Magnitude of vertical reaction at each of the outer or inner wheels,

P C
3= 5% (14.9)

2a

3. Centrifugal effect
Centrifugal force acting outward at the centre of the vehicle,

Wl
Fo=—
gR
Couple tending to overturn the wheels,
Wk

Co=Fob= sl
gR

This couple is balanced by the vertical reactions at the four wheels, being positive at the outer and negative
at the inner wheels.

Vertical reaction at each of outer or inner wheel,

@  C.
3 = 5 (14.10
Totatl vertical reaction at each inner wheel,
w P g
pjz_jﬂ.__z__? (14.11)
Total vertical reaction at each outer wheel.
w P
P=— 4. 4= 14.12
2 2 2 ( )

When #; is zero or negative, the tyres of the vehicle inner wheels will Jeave the ground tending ta overturn
the vehicle.

L

3

For Fo= 1,

1A

w
2 2
o W = (P+Q) (14.13)

A

Thus, the vehicle may overturn, when

1. e, is high, that is. the vehicle is running at a high speed.

[

. h is high, that is, the [oaded vehicle is sufficiently high above the ground.
3. R is small, that is, the vehicle is 1aking a shacp turn.

o

. W is large, that is, the vehicle is overloaded.

In order to reduce the total gyroscopic coupie. the engine must be provided with 4 heavy flywheel which
should rotate in the opposite direction to that of the wheels.
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A motor car negotiates a curve of 40 m radius at a speed of 60 km/h. Determine the magnitudes of the

centrifugal and gyroscopic couples acting on the motor car and state the effect of each of these on the road

reactions on the wheels. Assume the following:

(a) Each road wheel has a moment of inertia of 4 kgm? and an effective road radius of (.5 m,

(b) The rotating parts of the engine and transmission are equivalent to a flywheel of mass 80 kg with a radius
of gyration of 0.1 m. The engine tums in a clockwise direction when viewed from the front.

(c) The back axle ratio is 4:]1 and the drive through the gear box is direct.

(d) The car weighs 10 kN and has its centre of gravity at .6 m above the road level. The car takes a right

hand turn.
M Solution
J{HX)
=60 x —— = 16.67 mfs
3600
Angular velocity of wheel,
] 16.67
L —3 = 3433 rads

Angular velocity of precession of wheels,
! 16.67
Wpy = o2 0.417 rad/s
R 40 _
(a) Gyroscopic couple due to wheels.
Co = 4wy -,

=4 x4 x314.33 x (1417 = 223 Nm

The reaction gyro-couple due to wheels will tend to lift the inner wheels and depress the outer wheels.
(b) Gyroscopic couple due to engine rotating parts,
Co = Il w, - wpe
= m(.[(2 X {wy -
= 80 x 0.1 x 4 x 31433 x 0.417
= 44.48 Nm

The reaction gyro-couple due o engine rotating parts will tend to lift the front wheels and depress the
rear wheels.
{c) Centrifugal force,

] Wt
F. =
gR
(16.67)°
= ) x 100 x —mrer———
SR F TRy
= T078.95 N
Centrifugal couple. C. = 707895 % 0.6 =42474Nm

The reaction centrifugal couple will tend 1o lift the inner wheels and depress the outer wheels.
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Example 14.7

A rear engine automobile is travelling along a track of 100 m mean radius. Each of the four wheels has a
moment of incrtia of 2 kgm® and an effective diameter of 0.6 m. The ratating parts of the engine have a
moment of inertiaof 1.25 kgm*. The engine axis is paralle| to the rear axle and the crankshaft rotates in the
same direction as the wheels. The gear ratio of engine to huck axle is 3:1. The automobile mass is 1500 kg
and iis centre of gravity is (1.5 m above the road level. The width of track of the vehicle is 1.5 m.

Determine the limiting speed of the vehicle around the curve for all four wheels to maintain contact with
the road surface if it is not banked.

B Solution

Let v = linear specd of the vehicle, mfs
Angular speed of the vehicle,

I
Wy = 03 rad/s

Angular speed of engine.

v
w, = — = v radfs
0.3

Angular velocity of precession,

'

oy = — = - — rad/s
“re =R T 00 M
Gyroscopic couple.,
Co = 4y wp - wpy + Lo - w0y - 2py
LY L e —
b 0w - —
03 100 ¢ 100

;
vt v

—ax2x S prosk
XeX gt g

= (0.2667 + 0.125)"

= 0.3917¢° Nm
” 150007 .
Centrifugal force, k. = mer 2V [5v9= N
R 100
Centrifugal couple, C. = F.-h

Maximum lift due to centrifugal couple on one wheel,

i

2a

= E .
- 05 y
= 15 % = 2.5u° N
Maximum lift due to gyro-couple,

C,
X 03917

3
2a 3

= {L13060° N
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For safe driving, weight on one wheel should be greater than the maximum lift.

9.81 ,
1500 x == > (2.5+0.1306)0°
, 1500 x 9.8

or Vo —
4 x 2.6306

= 1398.44
or vo< 37.306 m/s
or v 134.62 kin/h

14.8 STABILITY OF A TWO-WHEEL VEHICLE TAKING A TURN

Consider a two-wheel vehicle taking a right turn as shown in Fig. 14.10.

.~ Right turn

A = . Reactive gyro-couple
S % P - —Precession axis
. v
b z
Front wheel Centrifugal couple
. , _Axis of acttive
- N /- ayro-coupie
Engine
h i
Rear wheet - i
\\p.' .
“hcosy
.-~ Radius of track v ™ C0s
. ".J/ o .. - X
. o -4
© Spin axis
(a) (b} (e)

Fig.14.10 Two wheel vehicle taking a turn

Let W = weight of the vehicle and its rider
h = height of the centre of gravity of the vehicle and the rider
ry = wheel radius
R = track radius
f,, = moment of inertia of ecach wheel
I, = moment of inertia of the engine rotating parts
wr,;, = angular velocity of the wheels

we = angular velocity of engine the rolating parts
) ®e .
I = — = gear ratio
Wy
v = lmear velocity of the vehicle = r .y,

# = angle of heel or inclination of the vehicle to the vertical



The eftects of various forces are as follows:

1. Gyroscopic couple

v =

or Wy —
e =

(UP =

Gyroscapic couple, C, =

2. Centrifugal couple

Centrifugal force, F. =
Centrifugal couple, O =
Total overturning couple, Co =
Balancing couple. Cp =

For equilibrium of the vehicle (that is no skidding),

("U =

5 |:2!w il Wh] cos o
T il

ruw g R

or tnéd =

Exampie 148
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(24w £ o, )y cos 6
cosd

v 2y i)

P

2|20 20, Wh]cos®
—_— + — (14.14)

r '8 .!-;' R

Whsind (14.15)

Cy
Whsing

pl [11,5;_?:'1 + WTh]
S "L | 14.16
WhR ¢ )

The road wheels of a motor cycle have 0.6 m diameter and moment of inertia of 1.5 kgm?. Its rotating parts
have a moment of inertia of 0.3 kgm?. The speed of engine is six times the speed of wheels and in the same
direction, The weight of the motor cycle and its rider is 2 kN and its centre of gravity is 0.6 m above the

road level.

Find the heel angle if the motor cycle is travelling at 45 km/h and taking a turn of 30 m radius, when the
motor cycle is standing upright and the rider is sitting on it.

M Solution

Here

I, =15kgm’. I, =03 kgm’. W = 2kN. A =0.6m,r, = 0.3 m,

v=45km/h.i =6, R=30m
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iy,

2[2hptit, | wh
[t + ]

t 9 - = .
an WhR
3 | 2x 1546003 NN x (L6
45 x 1000 [ 03t 7o ]
= = 0.60036
3600 2000 x 0.6 x 30
8 = 3098

14.9 EFFECT OF PRECESSION ON A DISC FIXED RIGIDLY AT A CERTAIN
ANGLE TO A ROTATING SHAFT

Consider a disc fixed rigidly to a rotating shaft (Fig.14.11) at a certain angle such that the polar axis of the
disc makes an angle 8 with the shaft axis. The shaft revolves with angular speed w about its axis OX. Lel OA
be the diametral axis and OP the polar axis of the disc.

.-~ Diametral axis

e
. Polar axis B
)’/ .
) .- Disc
P\ COSE *
x , ~— 3haft axis
- - - - e - &
Direction %
of viewing

AN wsin

Fig.14.11 Disk fixed rigidly at a certain angie to a rotating shaft

Angular velocity of spin of the disc about OP = wcos ¢
Angular velocity of precession about OA = wsin 6

Let ), = polar moment of inertia of the disc about axis OP
Couple producing the precession,

Cp = I -weosd - wsind
= 0.5/,0" sin 26
The reaction couple C, tends Lo turn the disc in counter-clockwise direction, when viewed from the top.

about an axis through O in the plane of paper.

Now consider the movement of point 4 about the polar axis OP. In this case, OA is the axis of spin and
OP the axis of precession.

Angular velocity of spin about OA = wsin#d
Let {4 = polar moment of inertia of the disc about OA

Gyroscopic couple about OA,

Ca fo-wsind - wcosd

= 0.514w%sin 28

il



Gyroscopic and Pracessional Motion 535

The eftect of this couple will be opposite to that of €.
Resultant gyroscopic couple acting on the disc,

C=C—C4
= 0507 sin20(1, — I4) (14.17)

This resultant couple will be acting in counter-clockwise direction, as seen from the top.

W
Now Ir = Ty where r = radius of the disc
e
!;2 2
W(G+5) o
Iy = ——— . where [ == width of the disc
£
i Wil . . L
= 1o neglecting { for a thin disc
g

The couple exerted by a thin disc on the shaft,

sin 20 ( -17)

I oral

Ciine = War

i

5 .
A Sin 29
= Wemr-

4

{14.18)

The shafi tends to turn in the plane of paper in counter-clockwise direction as seen from the top . As a
result, the horizontal force is exerted on the bearings,

Example 14.9

A thin disc is fixed 10 a shaft in such a way that it makes an angle of 2° with a plane at right angles to the axis
of the shaft. The disc weighs 25 N and it has a diameter of 0.5 m. If the shaft rotates at 1000 rpm, find the
gyroscopic couple acting on the bearing.

B Solution
27 % 1000
Here W= 25N.r=025m.0 =2 = —L%---— — 104.72 radfs
C o4 oastn2d
Chine = Waorr -
¢
= 25 x (104.72)% x (0.25)° x 4
o ’ - 2 x 981

= 184.45 Nm

Example 14.10

A wheel of a vehicle travelling on a level track at 80 km/h, falls in a spot hole 15 mm deep and rises again in
a total time of 0.15 5. The displacement of the wheel of the vehicle takes place with simple harmonic motion.
The diameter of wheet is 1.5 m and the distance between the wheel centers is [.8 m. The wheel pair with
axle have a moment of inertia of 500 kgm?. Determine the magnitude and gyroscopic effects produced with
this phenomenon.
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H Solution

Il

Amplitude. A, =

Maximum velocity while falling.
Umax =
(UP —=

H =

80 = 1K)

3600
500 kgml. P =0T5ma=18mh=15mm.s =0.15%
h

=75 mm
2

2rA, 2w x 7S5 x 1077

_________ = S -=0.314 m/fs
t 0.15
(L 0.314
e Tnl 7 = 017 radfs
t 1.8
v 2
—_ = —— = 29(1-1‘ I'.'i”!\'
Fro 0.75
=1 . w- @p

= 5(H) x 29.63 x L1714 = 2577.5 Nm

As the axle goes down. the effect of this is to tend to turn the vehicle towards left as it moves forward .

Example 14.11

A four-wheel vehicle of muss 2500 kg has a wheel base 2.5 m. track width 1.5 m, and height of centre of
gravity (0.6 m above the ground level and lics at | m from the front axle. Each wheel has an effective diameter
of 0.8 m and a moment of inertia of .8 kgm~ .The drive shaft. engine flywheel and transmission are rotating
at four times the speed of roud wheels, in clockwise direction when viewed from the front, and is equivalent
to a mass of &) kg having a radius of gyration ot 1(X) mm. If the vehicle is taking a right turn of 60 m radius

at 60 km/h, find the load on each wheel.

B Solution

Here m =2500kg, b =25 m, ¢ = 1.5

mh=06mL=1mry,=04m,f, =08kgm’, i = 4.

me = 80 kg. K, = 100 mm, R = 60 m, v = 60 km/h.

Let Wy, W1 = weight on the front and

rear wheels respectively.

Taking moments about the front wheels (Fig. 14,12}, we have

25W, =
Wy =
W, =

Weight on each of the front wheels =

Weight on each of the rear wheels =

Gyroscopic Effect

2500 x 9.81 x 1
9810 N
2500 x 9.81 — VIO = 14715 N

W,
5= T357.8N

“

W)

-~ = 4905 N

2

60 x [0

= — e = |B.67 /s

3600

I = m.K> =80 x (0.1¥ = 0.8 kgm®



Gyroscopic and Precessional Motion 537
v 16.67
wy, = — = —— = 41675 rad/s
Fin 04
v 16.67
W, = 2 = o0 = 0.2778 radfs
5
Cy = 4y -y -ty
= 4 x 0.8 x 41.675 x 0.2778 = 37.05 Nm
. Frontouter .-~ Rightturn - Front inner
1 wheel § wheel
N
Engine ? v
w2t T . ! bw
P2y 1m YRR
-] 1.5m . -
Fi2y ! YFR
@24 o ! Y12 2.5m
Rear outer wheel - - . : Rear inner wheel
Q ol
W,/2 " 2,2\}j
1P P!2[
L2 Fiz2 §
L Q42 i

Q2

Fig.14.12 Force diagram for wheels

This gyroscopic couple tends to lift the

inner wheels and depress the outer wheels. 1n other words, the

reaction will be vertically downward on the inner wheels and vertically upward on the outer wheels. The
magnitude of this reaction at each of the inner or outer wheels,

r

2
C.

This gyroscopic couple tends to lift the
reaction will be vertically downwards on th

Ce

37.05
= = 1235 N

2u
{, - iwy - wy

= 0.8 x4 x41.675 x 02778 = 37.05 Nm

front wheels and depress the rear wheels. In other words, the
e tfront wheels and vertically upwards on the rear wheels. The

magnitude of this reaction at each of the front or rear wheels,

F
E =
Centrifugal Couple
Centrifugal force, P
C.

37.05
€ =%=7.0!N

2h

4
mu

2500 x (16.67)° 115787 N
R 60 T

Fo-h=11578.7 x (.6 = 69472 Nm
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The reactions due to this couple are vertically downwards on the inner wheels and vertically upwards on
the outer wheels. The magnitude of this rcaction on each of the inner and ouler wheels.

= = =23I157N
2 2a
W P F
Load on the inner front wheel = — — — — . Q
2 2 2 2

= 7357.5 - 12.35 — 7.00 — 2315.7 = 5022.44 N
W, P F @

Load on the front outer wheel = 5 + E + 3
= 735754 1233 - 7.01 + 23157 = 9678.54 N

. W, P} Q

Load on the rear inner wheel = —= — - + T

= 4905 — 12.35 4+ 7.4M - 2315.7 = 25814.96 N

W, P F o Q
Load on the rear outer wheel = > + 5 t35 + Y

= 4905 4+ [2.35 4 7.01 4+ 2315.7 = 7240.06 N

- Example 14.12

A four-wheel trolley car of total mass 2500 kg running on rails of 1.6 m gauge, negotiates a curve of 40 m
radius at 60 km/h. The track is banked at 10° . The wheels have an external diameter of 0.8 m and each pair
with axle has a mass of 250 kg. The radius of gyration for each pair is 0.4 m. The height of centre of gravity
of the car above the wheet base is 0.9 m. Determine the pressure on each rail, allowing for centrifugal and
gyroscopic couple actions.

W Solution

Herem =2500kg, e = 1.6 m, R = 40 m, v = 2200 — 16,67 m/s, 8 = 10°, 1, = 0.4 m, m,, = 250 kg,
Kp=04mh=09m. '

Let R4 and Rp be the reactions at A and B respectively. The various forces acting on the trolley car are
shown in Fig.14.13.

Fig.14.13 Force diagram
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Reselving the forces perpendicular to the track. we have

Ri+ Ry

my-sin #
mgeosf 4 - :

2500 x (16.67)° x sin 10°
40

2500 < 981 x cos 10° +

24152.4 + 3015.93
27168.33 N

Now taking moments ahout B, we have

Rixu

Ra

Ry

e

Wy

-

2
mus cosf
R

¥ .
( . mes sin e
BB oS —
R

) . (%) + (mg sinf —

2500 x (16.67)% x sin L0°
40

).h
]ons

3500 x (16.67)7 x cos 10°
40

[ES(I{) * 981 x cos 10° +

+ {250{) x 981 x sin 107 — ] -(0.9/1

1358417 — 722558 = 635859 N
2080974 N

g 16.67

: = ——- =41 675 rad/s
Fu

' 16.67

T2 (141675 rad/s
R 40)

I owcost - Wy

el

ity Kooy cOs 8 -y,

250 x (0.4)° % 41.675 % cos10° x 0.41675
684,17 Nm

The force at each pair of wheels on cach rail due to the gyroscopic couple,

P oz

¢

o

8417
——— = 4276 N
1.6

Due to this force the car would wend 10 overturn about the outer wheels, Total pressure on the inner rail,

R':

Pressure on the outer rail,

Ry--P
6H358.50 - 427.6
39309 N

Rp+ P
20809.74 4+ 427.6
2123734 N
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Example 14.13

A gyrowheel D of mass 0.6 kg and radius of gyration 20 mun is mounted in a pivoted frame G as shown in
Fig.14.14. The axis AB of the pivots passes through the centre of rotation O of the wheel. but the centre of
gravity G of the frame Cis 10 mm below O. The frame has 4 mass of (.25 kg and the speed of rotation of
the wheel is 3000 rpm in the counter-clockwise direction.

.« Active gyro-couple

~ Reactive gyro-couple

x .
- -y -+~ Moment of m g
g
.ﬂﬂ’fl.'J2 - :
R : C_reactive
. 9
i
'
4
m

Fig.14.14 Gyrowheei mounted in a pivoted frame

The entire unit is mounted on a vehicle so that the axis AB is parallel to the direction of mation of the
vehicle. If the vehicle travels at 15 m/s in a curve of 60 m radius, find the inclination of the gyrowheel from
the vertical, when (a) the vehicle moves in the dircetion of the arrow Xtaking a left hand turn along the curve
and {b) the vehicie reverses at the sume speed in the direction of arrow Y along the same path.

B Solution
Here my, = 0.6 kg. Ky =002 m. OG =h =001 m.my = 0.25 kg. N = 3000 rpm,

v = 15mfs, B =60m.

w = T30 a2 vadrs
60
be = me KL = 0.6 x (0.02)° = 0.00024 kgm”
v 15
wp = R = 0 = .25 rad/s

Let & = angle of inclination of gyrowheel from the vertical.

{a} Vehicle moving in the direction of arrow X while 1aking left turn along the curve,

Gyro-couple aboutO. Co = e -w-mpeost =0.00024 x 314.2 x .25 x cos8
= (1L.018852cost Nm
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" . m;:'g _ 0.25 x 15%
Centrifugal couple about O, .o =1- R_ Shoos# = 0 % 0.01 x cos 6
= 00375 cos ¢ Nm
Total overturning couple. C, = Cp— €, = (0018852 - 0.009375) cos &

(0.009477 cos 2 Nm (cew)

Bulancing couple due to the weight of the frame.

Op = mj.gh sin #
= (0.25 x 9.8} x 0.01 x sin#
= {.024525sin & Nm (cw)
For the equilibrium condition, ¢, = C
O009477cos# = (0.024525sin0
tanf = (138642
B o= 21.12°

{h} Vehicle reverses at the same speed in the direction of arow Y along the same path.

Co = Co + €. =(0.018852 + (1.009375) cos §
= (.028227cos b
For the equilibrium condition, C, = Ch

0.028227cosd = 0.024525sin6
tanf = 1.15095
# = 49.01°

|

14.10 GYROSCOPIC ANALYSIS OF GRINDING MILL

A grinding mill uses the gyroscopic etfects to hoost the crushing force. The grinding mill is shown in
Fig.14.15. It consists of a conical roller which is placed symmetrically in a pan and is free to rotate on a shaft
which is hinged to the central driving shaft. When the driving shaft rotates. the rotler moves around the pan
and crushes the material placed within it. The crushing is caused not only by the weight of the reller but by
additional force which is produced by gyroscopic action,

lLet w = angular velocity of roller. represented by OA
w; = angular velocity of driving shatt, represented byOB
w, = resultant velocity vector

Point D is the intersection of the vector for e, and the line of contact between roller and pan floor. At
this point, the roller will have no relative velocity with respect to the pun floor.
In AQAC, we have
CA AC

sin(# — ¢ Sin ¢
OA sin(f — ¢ _w

or S -
AC sing u'|

. 2 Fo
Also at point D, -
[42]] ¥

where r = radius of the roller at the cross-section containing point D.
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Fig.14.15 Grinding miil

The gyroscopic couple, Cp = Ipowsind v (I, — :},}mf sint 6 cos

rrJ - .
= !Fcuf (’ ) SN 7 (f — .~’,,)(.-.J]2 sin & ¢cos ¢l

il

! )r{l I . -
[UP — Lycoso 4 4 ] wy sind (i)
v

By taking moments of all forces. we have
Cyp = Flr, +rcosf)cot® —mg(r, + rcosd) + Pry {b)

where P = total crushing force
m = mass of roller
F = centrifugal force
From (a) and (b), we get

P w7 sin ¢ o Feott
- [1 + (i) cosb‘] + == (1, — 1) cost + 4, (- )-= [1 + (i) cusa] (14.19)
mg re mgr, r mg

Fo

For & = 907, that is when the roller is circular, we get

P [+ f;,(ul:
mg - mgr
‘JP“’f
or P =mg+— (14.200

5
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Exampie 14.14

In a crushing mill for cereals. the mass of roller is 100 kg. The roller is cylindrical in shape with 100 cm
diameter. The polar mass moment of inertiu ol cach roller is 160 kgm?®. The driving shaft runs at 90 rpm and
the radius of roller at the centre of the grinding point is 70 ¢cm. Determine the total crushing force.

B Solution
Here f =90 r = ’{Tm =50cm=05m.m = 100ke t, =16 kgm=, r, = 0.7 m

27 % 90
) = ———— = 4942 rud/s
6i)
P =1+% {&
my mer
16 % (9.42)
= LT =34y
{100 x 9.81 x 0.5)

Exercises o
1 An aeroplane makes a complete half civele of 60 m radius towards left when flying at 250 knv/h. The

rotary engine and the propeller of the plane has a mass of 450 kg with a radius of gyration of 300 mm.
The engine runs at 2400 rpm clockwise when viewed from the rear. Find the gyroscopic effect on the
aircralt.

The rotor of the turbine of a ship makes 1500 rpm clockwise when viewed trom the stern. The rotor has
amass of 800 kg and its radius of gyration 15 300 mam. Find the maximum gyro-couple transmitted to the
hull when the ship pitches with maximum angular velocity of | rad/s. What is the effeet of this couple?

The mass of a turbine rotor of a ship s 8000 kg and has a radivs of gyration of 0.75 m. 1t rotates at 18300
rpm clockwise when viewed from the stern. Determine the gyroscopic effects in the following cases:

(a) If the ship traveling at 100 km/h steers 1o the left ulong a curve of 80 m radius,

(h) If the ship is pitching and the bow is descending with maximum velocity. The pitching is with
simple harmonic motion with periodic time of 20 s and the totad angular movement between extreme
positions is 10°,

{¢) It the ship is rolling with an angular velocity of 0.03 rad/s clockwise when looking from stern.

In each case. determine the direction in which the ship tends to move.

A ruil car has a total mass of 4000 kg, The moment ol inertia of cach wheel together with its gearing is
20 kgm®. The centre distance between the two wheels on an axle is 1.5 m and cach wheel s 400 mm
radius. Each axle is driven by a motor. the speed ratio between the two being 1:14. Each motor with i1s
gear has a moment of inertia of 15 kgm~ and runs in a direction opposite to that of its axte. The centre
of gravity of the car is | m above the rails.

Determine the limiting speed for the car when moving on a curve of 250 m radius such that no wheel
leaves the rails.

A Tour wheel trolley car of total mass 2000 kg running on rails of 1 m gauge. rounds a curve of 30 m
radius at 45 kmv/h. The track is banked at 10°, The wheels have an external diameter of 0.6 m and each
pair of an axle has a mass of 250 kg. The radius of gyration of each pair is 250 mm. The height of the
centre of gravity of the car above the wheel base is | m, Allowing for centrifugal force und gyroscopic
couple action. determine the pressure on cuch rail.
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A disc has a mass of 25 kg and a radius of gyration about its axis of symmetry 120 mm while its radius
of gyration about a diameter of the disc at right angies to the axis of symmetry is 80 mm. The disc is
pressed on to the shaft but due to incorrect boring, the angle between the axis of symmetry and the actual
axis of rotation is 0.3°, though both these uxes pass through the centre of gravity of the disc. Assuming
that the shaft is dgid and is carried between bearings 200 mm apart. determine the bearing forces due to
the misalignment at a speed of 3800 rpm.

The moment of inertia of each wheel of a motor cycle is 1.5 kgm?, The totating parts of the engine of
the motor cycle have a moment of inertia of 0.28 kgm? . The speed of the engine is six times the speed of
the wheels and is in the same direction. The mass of the motor cycle 15 250 kg and its centre of gravity
is 0.6 m above the ground level.

Find the angle of heel if the motor cycle s travelling at 45 kivh and is taking a turn of 30 m radius. The
wheel diameter is (L6 m .

A racing mator cycle travels at 150 kn/h round & curve of 120 m radivs measured horizontally. The
motor cyvcle and rider have a mass ot 160 kg and their centre of gravity lies at .75 m above the ground
level when the motor cycle is vertical. Each wheel is 0.6 m in diameter and has moment of inertia about
its axis of rotation 1.5 kgm®, The engine has rotating parts whose moment of inertia about their axis of
rotation is 0.3 kgm? and rotates at five times the wheel speed in the same direction.

Find {a} the correct angie of banking of the trick so that there is no tendency to side slip and (b) the
correct angle of inclination of the motor cycle and the rider to the vertical.

A diesel locomotive moving at a speed of 100 kmv/h turns arosnd a curve of radius 400 m to the right.
The pair of driving wheels are 2 m in diameter and the mass along with the axis is 2000 kg. The radius
of gyration of the wheels together with the axle may be taken as 0.6 m. Find the gyro effect on the pair
of driving wheels.

A small high speed ship is driver by a turbine. the rotor of which is rotating at 12000 rpm in a clockwise
direction. when viewed from the bow. The moment of inertia of the rotor is 15 kgm® and the ship is
travelling at 20 m/s in a curve of 600 i radius, the direction being clockwise when viewed from the above.

Determine the gyroscopic couple acting on thec'ship and its eftect on the ship.

The propeller shafl of an acro-cngine is rotating at 1800 rpm. If the distance between the two beurings
of the propeller shaft is | m and radius of gyration of propeller is (.75 m, find the extra pressure on
the bearings, when the seroplane is whirling round in a hovizontal circle of 300 m radius at a speed of
300 km/h. The mass of the propeller is 60 kg.

The turbine rotor of a ship which rotates clockwise when viewed from aft has a mass of 1500 kg. radius
of gyration 0.7 m, and a speed ot 2400 rpm. The ship pitches 5° above and below the horizontal position
with simple harmonic motion of period 24 5. Determine the maximum reaction couple exerted by the
rotor on the ship and the direction in which the bow will turn when falling.

A turbine rotor of a ship is of 2000 kg mass and has a radius ol gyration of 0.8 m. Its speed is 2000 rpm.

The ship pitches 5° above and beluw the mean position. A complete oscillation takes place in 20 s and

the motion is simple hurmonic. Determine

() the maximum couple tending 1o shear the holding down bolts of the turbine,

{(b) the maximum acceleration of the ship during pitching and

(c) the direction in which the bow wili tend 10 turn while rising, if the rotation of the rotor is clockwise,
when looking from aft.



14

15

16

17

18

19

Gyroscopic and Precessional Molion 545

The rolling moment on a ship at a given instant is 12 x 10® Nm clockwise when viewed from the redr.
The rotor of the stabilizing gyroscope is of 12 x 10% kg mass and spins at 1200 rpm clockwise when
viewed from above. If the radius of the wheels about the spin axis is 2 m. determine the angular velocity
of the precession to maintain the ship in an upright position.

A racing car of mass 2000 kg has a wheel base of 2 m1 and track width of | m. The centre of gravily
fies midway between the front and rear axles and is 0.4 m above the ground. The engine of the car has a
flywheel rotating in a clockwise direction when seen from the front at 6000 rpm. The moment of inertia
of the flywheel is 50 kgm”. if the car takes a curve of 15 m radius towards right. while running at 45 kin/h,
find the reaction between the wheels anl the ground considering the gyroscopic and centrifugal effects
of the flywheel and the weight of the car respectively.

For a single cylinder engine determine the bearing torces caused by the gyroscopic action of the lywheel
(F =0.32 kgm”) as the engine traverses a 305 m radius curve at 96.6 knv/h in a turn to the right. The
engine speed is 3300 rpm and it is turning clockwise when viewed from the tront of the engine. The
centre distance between the bearings is 152 mm.

Explain the following:
{a) Gyroscopic stabilization of sea vessels
{(b) Effect of gyroscopic couple on the stability of an sutomabile negotiating a curve

() What are the principle of a gyroscope? iscuss the factors that eftect the stability of an autemobile
while negotiating a curve,

(d) How is the magnitude and direction of the Gyroscopic couple fixed?

(e} Describe the effect of the Gyroscopic couple on pitching. rolling and steering of a ship with neat
sketches indicating the direction of couple vector. spin vector and precession vector.

(f} Deduce an cxpression for the couple that is called into play in the case of a wheel rotating with
unitform angular velocity in order to maintain a given rate of precession.

A thin circular disc is fitted to a shaft as shown in Fig 14,16, Weight of the disc is 500 N and diameter is
1.2 m. Shaft rotates at 300 rpm in the counter-clockwise direction when seen from the right side. Find the
effect of gyroscopic couple on the shaft and the bearing reactions at A and 8 taking the effect of weight
of the disc.

- m S 1.59m -

Fig.14.16 Thin circuiar disc on a shaft

Explain what you understand by gyroscapic stabilization. ustrate with the help of a sketch how this
is carried out in ships. Obtain a relation between the gyvroscopic torque and the couple applied by the
waves for complete stabilization if the waves be sinusoidal.
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The rotor of a turbojet engine has a mass of 200 kg and 4 radius of gyration 250 mm. The engine rotates o
aspeed of 10000 rpm in the clockwise direction il viewed rom the front of the aeroplane. The aeroplane
while flying at (000 kem/h turns with a radius of 2 ki to the right. Compute the gyroscopic moment
exerted by the rotor on the plane structure, Also determine whether the nose of the plane tends to rise or
tall when the plane turns.

The moment of inertia of cach wheel of @ motor cycle is 2 kem=. The rotating parts of the engine of the
cycle have a moment of inertia of 0.3 kgin~. The speed of the engine is 6 times the speed of the wheels
and in the same sense. The weight of the motor eyele together with the rider is 2600 N and its centre
of gravity is (.6 m above the ground level when the cycle i~ standing upright and rider is sitling on .
Find the average angle of inclination with vertical tor equilibrium il the cvele is travelling ac 60 kmvh and
taking « turn of 20 miradius, The wheel diameter s 06 nt

A dise of mass 100 kg and radius of gvration .5 mis supported as shown in Fig. 14.17. When the disc is
rotating at 10 rud/s the cord an the right hand side bearing gets broken. Discuss the motion ol the disc.

¢ Cord Cord D
- 0.3m - a7m -
7 fx"x 100 radfs
— 3 (

|

100 kg

Fig.14.17 Gyration of disc

A uniform disc of 250 mm diameter has & mass of 15 kg. It is mounted centratly on 4 horizontal shaft
running in bearings 200 mm apart. ‘Fhe dise spins with o unitorm speed of 1800 rpm in vertical plane in
the counter-clockwise direction looking [rom right hand side bearing. The shaft precesses with a uniform
speed of 60 rpm in horizontal plane in counter-clockwise direction when loeking from top. Determine
the bearing reactions due 1w the dise mass and gyroscopic efiects,

A racing car of mass 3000 kg has a wheel base ot 2.5 m and track of 1.5 m. The centre of gravity is
located 0.6 m above the ground level and 1.5 m from the rear axle. Each wheel is of 1 m diameter and
0.8 kem™ moment of inertia. The buck axle ratio is 4.5, The drive shaft engine flywheel and transmission
are rotating clockwise when viewed from the front with equivalent mass of 150 kg with radius of gyration
0.2 m. Determine the load distribution on the wheels if the car is rounding a curve of 80 m radius at
120 km/h when ta) taking a right turn and (b) taking a feft wrn.



